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Facet-to-facet Implies Face-to-face 
PETER M. GRUBER AND SERGEJ S. RYSKOV 
A locally finite convex tiling of lEd which is facet-to-facet is face-to-face, hence it forms a 
polyhedral cell complex. 
A (bounded or unbounded) convex body is a closed convex subset of d-dimensional 
euclidean space lEd with non-empty interior. A set of convex bodies is a convex tiling if the 
union of the bodies equals lEd and any two distinct bodies have disjoint interiors. The bodies 
are then called tiles. A convex tiling is locally finite if any bounded set intersects only finitely 
many of its tiles. Let ff be a locally finite convex tiling. The tiles of ff are convex pol)-topes 
of dimension d if they are bounded and they are unbounded convex polyhedra of dimension 
d otherwise. (A convex polyhedron is a closed subset of lEd such that its intersection with 
any convex polytope is a convex polytope.) ff is facet-to-facet if for any two of its tiles 
which have (d - I)-dimensional intersection the intersection is a common facet (i.e. a face 
of dimension d - I) of both tiles. Call ff face-to-face if the intersection of any two tiles 
is a-possibly empty-face of both of them. For more information on tiling we refer to 
[2, 3, 5]. 
The aim of this note is to prove the follwing simple theorem which, surprisingly enough, 
seems to have escaped attention so far. 
THEOREM. A locally finite convex tiling ff in lEd is facet-to-facet if and only if it is 
face-to-face. 
PROOF. If ff is face-to-face it is clearly facet-to-facet. Assume now that ff is facet-to-
facet. In order to show that ff is face-to-face let S, T E ff, S # T, be arbitrary such that 
S n T # 0. We have to show that S n Tis a common face of both Sand T. Consider 
the faces F and G of S, respectively of T, of minimum dimensions containing the convex 
set S n T. For our proof it is sufficient to show that 
F=G(=SnT). (I) 
By our choice ofF and G we have 
relint(S n T) c relint F, relint G, 
where 'relint' stands for the relative interior with respect to the affine hull. Choose a point 
f E relint F n relint G. (2) 
Let N be a bounded convex neighbourhood off ff being locally finite, N intersects only 
finitely many tiles. By choosing N even smaller if necessary, we may suppose that it meets 
only such faces of a tile which contain/ Lets, t E N be in the interior of S, respectively of 
T, such that the line-segment [s, t] with endpoints s, t intersects the boundaries of tiles (all 
of which meet N) only in relative interior points of facets. Order the tiles which intersect 
[s, t], sayS = TI> T2 , ••• , T" = T, such that consecutive tiles have common facets. Let 
F12 be the common facet of S = T1 and T2 • By our choice of N the facet F12 contains the 
relative interior point f of the face F of S = T1 • Hence F c F12 • Since F12 is a facet of T2 
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too, we obtain that F is contained in and is a face of T2 • Let F23 be the common facet of 
T2 and T3 • By our choice of N the facet F23 contains the point fin the relative interior of 
the face F of T2 • Hence F c F23 • Carrying on in this way we finally obtain that F is con-
tained in and is a face of Tn = T. Thus F, G are both faces ofT. Hence (2) implies that (1) 
holds. This shows that Tis face-to-face, thus concluding the proof of our theorem. 0 
A set [J}! of (finitely or countable many) convex polytopes or convex polyhedra in [dis a 
(finite or infinite) polyhedral cell complex if [J}! has the following properties: 
(i) Each face of a polytope or polyhedron of [J}! (including the empty face and the polytope 
or polyhedron itself) is contained in f!J>. 
(ii) The intersection of any two polytopes or polyhedra of [J}! is contained in f!J>. 
(iii) No point of [dis a vertex of infinitely many polytopes or polyhedra of f!J>. 
(See [1, 4].) As an immediate consequence of the theorem we obtain the following. 
CoROLLARY. Let :Y be a locally finite convex facet-to-facet tiling. Then the set f!J> 
consisting of all faces of the polytopes and the polyhedra of :Y is a polyhedral cell complex. 
Well known examples of locally finite convex facet-to-facet tilings are Dirichlet-Voronoi 
tilings and Delone-triangulations (see [2, 3, 6]). 
Let :Y be a locally finite convex tiling and let k E { 0, ... , d - 1}. We say that :Y is 
k-face-to-k-face if any k-dimensional face F of a tile is a face of any tile which meets Fin 
a k-dimensional set. This concept is slightly more general than the concept of k-primitivity 
which arises in connection with a famous problem ofVoronoi in the geometry of numbers 
(see [3], p. 170). Simple examples show that there are locally finite convex k-face-to-k-face 
tilings which are not facet-to-facet. 
PROBLEM. Let k E {0, ... , d - 2}. Which locally finite k-face-to-k-face tilings are 
facet-to-facet? 
It is presumably true that every tiling consisting of translates of a fixed convex polytope 
(hence, in particular, every lattice tiling, see [3]) which is k-face-to-face for some 
k E {0, ... , d - 2}, is also facet-to-facet. 
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